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206 Chapter 3 Matrices

e .

Theorem 3.27

The nullity of a matrix was defined
in 1884 by James Joseph Sylvester
(1814-1887), who was interested in
invariants—properties of matrices
that do not change under certain
types of transformations. Born

in England, Sylvester became the
second president of the London
Mathematical Society. In 1878,
while teaching at Johns Hopkins
University in Baltimore, he
founded the American Journal of
Mathematics, the first mathematical
journal in the United States.

The Fundamental Theorem of Invertible Matrices: Version 2

Let A be an # X n matrix. The following statements are equivalent:

. A s invertible.
. Ax = b has a unique solution for every b in R".
Ax = 0 has only the trivial solution.
. The reduced row echelon form of A is I,.
A is a product of elementary matrices.
rank(A) = n
. nullity(A) =0
. The column vectors of A are linearly independent.
The column vectors of A span R".
The column vectors of A form a basis for R".
. The row vectors of A are linearly independent.
The row vectors of A span R".
m. The row vectors of A form a basis for R”.

£ RS S SGe Fhad g g S

Proof  We have already established the equivalence of (a) through (e). It remais:
be shown that statements (f) to (m) are equivalent to the first five statements.

(f) < (g) Sincerank(A) + nullity(A) = nwhen A is an n X n matrix, it follows & .
the Rank Theorem that rank(A) = 7 if and only if nullity(A) = 0.

(f) = (d) = (c) = (h) Ifrank(A) = n, then the reduced row echelon form of A
n leading 1s and so is I,,. From (d) = (c) we know that Ax = 0 has only the tr
solution, which implies that the column vectors of A are linearly independent,
Ax is just a linear combination of the column vectors of A.

(h) = (i) If the column vectors of A are linearly independent, then Ax = 0 has ¢=+
the trivial solution. Thus, by (c) = (b), Ax = bhas a unique solution for every b
R". This means that every vector b in R” can be written as a linear combination ot ©
column vectors of A, establishing (i).

(1) = (j) If the column vectors of A span R”, then col(4) = R" by defin:
so rank(A) = dim(col(4)) = n. This is (f), and we have already established :
(f) = (h). We conclude that the column vectors of A are linearly independent an:
form a basis for R”, since, by assumption, they also span R”.

(j) = (f) If the column vectors of A form a basis for R”, then, in particular, they s
linearly independent. It follows that the reduced row echelon form of A contair. -
leading 1s, and thus rank(A) = #. ;
The above discussion shows that (f)=(d) = (c)=(h)= (i) = ()=
(f) < (g). Now recall that, by Theorem 3.25, rank(A”) = rank(A), so what we =+
just proved gives us the corresponding results about the column vectors of AT Teoe
are then results about the row vectors of A, bringing (k), (1), and (m) into the networ: R
equivalences and completing the proof. — e

Theorems such as the Fundamental Theorem are not merely of theoretical i
est. They are tremendous labor-saving devices as well. The Fundamental Thecs
has already allowed us to cut in half the work needed to check that two square m:
ces are inverses. It also simplifies the task of showing that certain sets of vectors «
bases for R". Indeed, when we have a set of n vectors in R”, that set will be a basis
R" if either of the necessary properties of linear independence or spanning set is t-
The next example shows how easy the calculations can be.

.‘ﬁ M,“.:



/6

dﬂﬂ)‘ﬁéﬁa ;5

7%/7) 6;‘)7 %,\ S’ P, 6ﬂé§fﬁ€€0f ﬂ?h
f7[ Z3= {(2) /17,/({ L5 q basis ﬁr 5'7 Then
ZV%\"? vecorr |} in S Can be wrllen &%

l?: C[l;; - -1L CLVlL
’ e
4l Yo contpiint Cr.r G @t s

?—D'._i’ (vo t.!)

%' 7‘”& C&Zlﬁ/'oiené C/.,/ Cr Of /Az /?ff:/ipa;
Thn are Caflect e Coodinals o 7
Wt respest B B, andl e Colomn Vel

s
7], - Co | s Calledt H toorel Veser
Via ) 0f % Wilh res/;za/ %R



